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ABSTRACT

Teachers in one southern California school participated in a three-year

professional development project designed to increase student performance by
assisting the teachers in providing more balanced math instruction. The goals of
this study were(1)to evaluate the change in teacher mathematics knowledge for
teaching in the area offractions;(2)to compare the growth in teacher
understanding offractions to teacher percentage of participation in project

activities;(3)to determine common fraction misconceptions among the teachers;
and (4)to determine to what extent these misconceptions were ameliorated by
project activities. Data was collected regarding the modified Learning
Mathematics for Teaching(LMT)assessments and amount of participation in

project activities, and interviews were conducted to gain insights into reasons for
particular results in the assessments. Findings from the modified LMT
assessments include an insignificant correlation between participation in the

project for all teachers and modified LMT scores, but in separate analysis of
grade levels, there was a significant correlation for the 4th- to 8th-grade level
span. In addition, there was a significant increase in scores on modified LMT
assessments over time. Findings from interviews indicate that teachers felt they

had improved their teaching of fractions through involvement in project activities.
Analysis of the participant interviews revealed more growth in content knowledge
than the modified LMT scores would seem to indicate. One conjecture as to the

reason for this discrepancy is that teachers may not have been as proficient in

writing about mathematics as they were in verbal explanation. It is suggested
that additional studies on larger groups of teachers could lead to a better

understanding of the length and intensity required of professional development in
order to support significant improvement of teachers' mathematical
understanding and their ability to teach mathematics conceptually.
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CHAPTER ONE
INTRODUCTION

Background
The quest to determine to what extent mathematics instruction can be

improved has not only been of keen interest to researchers, but has also been a

long and frustrating endeavor,fueled by a high stakes accountability system for
those working in K-12 education. The goal of improved student performance has
often proven elusive. School districts have frequently changed textbook
adoptions and supplementary and intervention materials, and provided various

mathematics professional development opportunities for teachers in an attempt
to improve the quality of instruction, and as a result, to improve student

performance. To further exacerbate matters, some states such as California
have frameworks that emphasize conceptual understanding, but the high-stakes,

multiple-choice assessments given to students primarily require memorization of
procedures.

Statement of the Problem

In the United States, there is still an achievement gap between
mathematics grade-level expectations and actual student mathematics
attainment. In addition, even though more students are proficient in mathematics
than a few years ago, there is still a significant performance gap between the

White and Asian American students and the Latino and African American

students (California Department of Education, 2011a). There may be a variety of
reasons that can be attributed to this problem. One problem is that many
teachers do not have a deep knowledge of the mathematical content they are
teaching. Researchers continue to study the relationship between teacher

mathematical knowledge and student performance in an attempt to help close
this achievement gap. With all the efforts expended by stakeholders to help
improve student performance in mathematics, the national data on student
improvement does reflect modest increases in student mathematics scores in the
United States, but, unfortunately, the United States still lags way behind many
other countries in mathematics performance. The Programme for International
Student Assessment(PISA, n.d.) is an assessment given to 15-year-old students

internationally to assess their literacy in multiple subject areas. The last PISA
was administered in 2009, and its results ranked the United States 31st in

mathematics achievement,just a few places higher than in 2006 when it ranked

35th. For the 2009 assessment, China ranked highest with a score of600,the
average score for countries who are members of the Organization of Economic
Cooperation and Development(OECD)was 496, and the United States had a

score of487(Fleischman, Hopstock, Pelczar, Shelley, & Xie, 2010). While the
United States' average score rose from 474 to 487(PISA, 2006), these results
show that the United States still has a long way to go in improving student
mathematics achievement. Therefore, it becomes increasingly important to

obtain a better understanding of the teacher qualities and skills necessary in
order for student performance to improve.

Purpose of the Study
In response to this need to know more about what teachers understand

about mathematics and learning, this study was conducted to investigate whether
or not professional development has a positive effect on teachers' mathematical
and pedagogical knowledge. The study was also conducted to determine if there

was a correlation between teachers'scores on fraction items on project
assessments and the percentage of participation time in professional
development activities. The specific goals are:

1. To study the changes in teachers' mathematics knowledge for teaching
fractions,

2. To compare the growth in teachers' mathematical knowledge for teaching

fractions in relation to the percentage of their attendance in project
activities,

3. To determine participants' common misconceptions about fractions and to

what extent these were ameliorated as a result of participating in the
project.

An assessment instrument called Learning Mathematics for Teaching
(LMT)was used to examine teachers' mathematical content knowledge and to
determine the impact of the professional development activities on teachers'

knowledge for teaching. The LMT Is a multlpie-choice instrument; however,for
this project, modifications were made so that participants would explain and
justify their responses(Appendix A). Subsequently, the teachers were

interviewed to examine their perceptions regarding the professional development
received.

Context: Program and Participant Description

In this study, the participants were teachers in a California Postsecondary
Education Commission(CPEC)funded project. The participants were all

teaching at a K-8 science, technology engineering, and mathematics(STEM)
school within a culturally diverse school district. Due to budget cuts, there was a
great deal of teacher turnover, and only about one-fourth of the teachers
participated in the project for its duration.
Participants in the project participated in three-hour monthly "Math
Explorations" where they discussed mathematics content aligned to the

California mathematics standards and research-based instructional strategies.
Participants also took part in a two-week intensive summer institute each year of
the grant and were released one day a month during the school year to
participate in grade-level or grade-span lesson studies. All professionaldevelopment and lesson-study sessions were facilitated by project personnel
who included Institute of Higher Learning (IHE)departments of mathematics and

education faculty and county office EL and mathematics K-12 personnel. The

levels of participants' mathematics content knowledge were determined by their
responses on the Learning Mathematics for Teaching (LMT) multiple-choice

questions and their written justifications for selecting those answers. Participants
were given the assessment at the beginning of the project, once each year, and
again at the end of the project.

Significance of Study
Although billions of dollars are spent nationally each year on teacher
professional development(Federal Coordinating Council for Science,
Engineering, and Technology, 1993),the mathematics performance of students
in the United States continues to lag behind the rest of the developed world.
Educators in California and the rest of the states in the nation have worked hard

to show progress in their Annual Yearly Progress(AYP)reports as the NCLB
deadline of 2014 for all students to be proficient in language arts and
mathematics quickly approaches. California's student achievement data over the

past 12 years has shown that students' math scores on the state tests have

improved, but that these scores are still not as high as their language arts scores
(California Department of Education, 201 la). There is increasing pressure from
school administrators and the public at large to continue to increase student
scores in mathematics, and many teachers feel pressured to "teach to the test."
Beginning in spring 2015, students will no longer be assessed by the

California Standards Test(CST). Instead, students across the country will be

assessed by a new assessment system that will be aligned to the California
Common Core State Standards for mathematics(Smarter Balanced Assessment

Consortium, 2012). This new assessment system will include not only multiplechoice items, but free-response items as well. The content of mathematics in
these standards is much deeper conceptually than in the current state standards.
Teachers will not only be responsible for teaching computations, they will have to

teach problem solving and mathematical reasoning at a much deeper level.
The findings from this research provided some information on what

aspects of the professional development in the project may have increased
teacher performance on the LMT,as well as to what extent teachers' perceived
mathematical and pedagogical needs were met.

Limitations of the Study

The most significant limitation of this study was the small number of
teachers who participated and completed all three years of the project. There
were only seven teachers who were part of the projectfrom the beginning to the
end. This was due to several factors; most significantly, there was a high

turnover of teachers each year due to district layoffs, transfers, and retirements.

Qualitative analysis was used to support and clarify findings from quantitative
analyses, in particular transcripts and recordings from participant interviews,
because of the limitations of the small sample size.
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CHAPTER TWO
LITERATURE REVIEW

What Kinds of Knowledge Should a Mathematics Teacher Have?
For more than 100 years, many documents have been created which list
the content teachers should know in order to provide effective mathematics

instruction for their students(Mewborn,2001). Concern over the content
teachers should know in order to be effective teachers is not new. As part of the

state board examination in 1875, potential teachers took a 1000-point test that
included written arithmetic and mental arithmetic. Each content area of the test

was composed of questions that were 95% content and 5% pedagogy(Shulman,

1986). However, efforts to distinguish between teacher's content knowledge and

pedagogical knowledge and how each affects student achievement is a fairly
recent change(Shulman, 1986).

Beginning in the 1960s and continuing through the 1970s, a number of

quantitative studies were carried out to determine a connection between teacher
content knowledge and student achievement(Begle, 1972, 1979; Eisenberg,

1977; Mewborn,2001). These studies looked at measures of teacher knowledge
such as courses taken, grade point average, and whether or not the teacher had

majored in mathematics in college. These studies, however,failed to find a

significant correlation between mathematics knowledge and student achievement.
Mixed method studies were also conducted during the 1960s through the 1980s

to try to characterize the strengths and weaknesses of teachers' content
knowledge in specific concepts such as fractions and geometry (Baturo & Nason,
1996; Graeber, Tirosh, & Glover, 1989; Mewborn,2001). Most of these studies

were conducted with pre-service teachers. The results from studies with

elementary teachers suggested that elementary teachers knew facts and could

use to algorithms to compute but did not have conceptual understanding of the
mathematics. These teachers tended to have fragmented understanding of

mathematical topics and were unable to transfer knowledge from one domain to
another(Schoenfield & Kilpatrick, 2008; Hill & Ball, 2004).
More recent studies in the 1990s and in following years looked at

comparisons between different groups of teachers: elementary versus secondary,
pre-service versus in-service teachers, and U.S. teachers versus teachers in
other countries (Ball, 1991; Ball & Wilson, 1990; Mewborn,2001). These studies
found one common thread amongst the different groups: conceptual knowledge
is low in all of these different U.S. populations. And through these studies, it

became more apparent that teacher knowledge and its implementation in the
classroom are much more complex than once thought. However,these recent

findings did not reveal which characteristics of mathematics teachers
successfully enhanced student achievement. Determining whether mathematics
teachers will be successful is not as straightforward as previously thought. Even
so, as late as 2002, the United States Department of Education(USDE)still

argued that a teacher's capability to do general mathematics was the most

8

important qualification being able to teach mathematics:"We have found that
rigorous research indicates that verbal ability and content knowledge are the
most important attributes of highly qualified teachers"(U.S. Department of
Education, 2002, p. 19).
Researchers continue to seek to determine what is important for

mathematics teachers to know; this includes not only the mathematical content,
but also the pedagogy a teacher must possess in order to teach mathematics in
a way that increases student performance. Researchers have categorized these
different types of teacher knowledge in several different ways. It comes as no
surprise that what an educated adult, who is not a math major, knows about

mathematics is going to be different from the variety of knowledge a mathematics
teacher needs to know in order to teach effectively. However, honing in on

exactly how it should be different for it to enhance students' understanding of
mathematics is the challenge.

One might think that secondary teachers who have had more mathematics
classes would provide better mathematics instruction than elementary teachers
who have not had as many classes. It may be that the solution is to provide

more conceptual instruction in college courses. However,studies have shown

that having more mathematical knowledge or having been taught conceptually
does not necessarily transfer to classroom practice(Mewborn, 2001). This study
did not address change in student performance.

So how can the types of teacher content knowledge be categorized?
Early on, one way of categorizing subject matter knowledge teachers must know

had been to separate the knowledge into two types: lesson structure knowledge

and subject matter knowledge (Leinhardt & Smith, 1985). However,just one
year later, Shulman (1986)suggested separating mathematics knowledge for
teaching into three domains: content knowledge, pedagogical content knowledge,
and curricular knowledge.

In Shulman's(1986)work, the first type of knowledge, content knowledge,
refers to the amount and organization of knowledge a person has, and requires
going beyond knowledge of the facts or concepts in a domain. This type of
knowledge is often represented in the higher levels of Bloom's cognitive
taxonomy and Costa's Levels of Inquiry(Costa, 2001). A mathematics teacher

needs to not only know how to do the mathematics, but be able to explain how
one concept connects to another and why the mathematics is valuable. An

example of this is elementary division. Ball(1990)found that many elementary
teachers were unable to distinguish between partitive and quotitive division.

What they were able to describe was partitive division only. For secondary
mathematics teachers, the level of content knowledge needed should be at least
the same as those who have a mathematics degree, but who are not in the
teaching field.
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The second type of knowledge described by Shulman (1986)is

pedagogical content knowledge(PCK), Magnusson, Krajcik, and Borko(1999)
described PCK as follows:

. . . a teacher's understanding of how to help students understand specific
subject matter. It includes knowledge of how particular subject matter
topics, problems, and issues can be organized, represented and adapted
to the diverse interests and abilities of learners, and then presented

instruction . . . the defining feature of pedagogical content knowledge is its

conceptualization as the results of a transformation of knowledge from
other domains. (Magnusson et al., 1999, p. 96)

This type of knowledge allows teachers to choose and use the most useful
illustrations, examples, and explanations to represent a mathematical idea

(Shulman, 1986). In addition, pedagogical content knowledge assists teachers in
knowing what makes a concept easy or difficult for students and the most useful
ways to help students of different ages and knowledge backgrounds to
understand new ideas.

Curricular knowledge is the third type of knowledge, and this is the

knowledge of the full range of programs available to teach different topics at
different levels. Curricular knowledge involves both lateral and vertical

knowledge of what students are learning. So, a mathematics teacher should
know what the students learn before they are in their class and what they will be

learning later. In addition, a mathematics teacher should also be familiar with the
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curriculum their students are learning in other subject areas, and be able to relate
the mathematics to what the students are learning in those other subject areas.
In response to two hypotheses on what teachers need to know to be
effective teachers Ball, Thames, and Phelps(2008)adapted Shulman's(1986)

categories for their own research. The two hypotheses were: 1)teachers need to
know and understand the mathematics they will teach and some additional

college mathematics, and 2)teachers need to know and understand what they
will teach at a much deeper level than they will teach to their students, along with
some amount of pedagogical content knowledge. However,their study is unclear
in both instances regarding the specifics of what teachers need to know.

In the work of Ball et al.(2008), Shulman's(1986)third category of
curricular knowledge was placed within pedagogical content knowledge. In this
new model, pedagogical content knowledge was divided into three domains:
knowledge of content and students(KCS), knowledge of content and teaching

(KCT), and knowledge of content and curriculum. KCS involves both knowing
about how students learn and knowing about mathematics. Teachers use KCS

when they anticipate in advance what students are likely to think and what
concepts in mathematics instructions they will find confusing. KCT is knowing

about teaching and knowing about mathematics. KCT includes how instruction is
designed and the choices that are made as to what examples to start with and
what examples will help deepen students' understanding of the content.
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The third major category, content matter knowledge, was also divided into
three more specific domains: specialized content knowledge(SCK),common
content knowledge(CCK), and horizon content knowledge. CCK is the

knowledge and skills that are used in settings outside of teaching and SCK is the
mathematical knowledge and skill unique to teaching. It is not used for any other

purpose and can involve tasks that require knowledge beyond what is taught to
students.

It is important to note that this more detailed categorization has several
limitations when it comes to determining where certain situations fit into the

domains(Ball et al. 2008). The first problem has to do with how a teacher
handles a situation. For instance, when a teacher analyzes a student

misconception, he/she might use specialized content knowledge or knowledge of
content and students. Another problem has to do with common understanding of
the boundaries of each category. For example, CCK is the mathematical

knowledge that teachers share in common with other professions. So, a problem
such as 4/7 of 3 could be thought of as being in either of two categories:

specialized content knowledge or common content knowledge. However,

despite such limitations, the domains are useful for studying the relationships
between teachers' knowledge and student achievement.
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Effective Professional Development and Teacher Mathematics
Content Knowledge

Fennema and Franke(1992)argued that teachers need to have deep

content knowledge to influence learning in a positive way. In addition, they
added that since mathematics is made up of many abstractions, an effective
teacher must know how to connect those abstractions to real life for the student

or learning with understanding will not take place. Flowever, as mentioned

before, it is not always clear what specific types of mathematics content teachers
need to know. Most measures to determine a teacher's knowledge have only

tested skills, and measuring math skills alone is not enough to know whether or
not a teacher can deliver content in a way that supports students in making
sense of mathematics (Hill & Ball, 2004).
What is viewed as effective professional development has changed over
time, and so it is important to provide a definition for professional development.

Little(1987)described professional development as"any activity that is intended
partly or primarily to prepare paid staff members for improved performance in
present or future roles in the school districts"(p. 491). Until 10 years ago, most
professional development was in the form of lectures, college classes,
conferences, and special institutes. However, in the last decade, more

professional development has been based in discourse and community practice
(Desimone, 2009). A lot of professional development is in the form of formal and
informal professional learning communities as well as lesson study groups.
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Many projects that are focused on helping teachers improve student

performance incorporate several types of professional development with the
same group of teachers. Desimone(2009)suggested that there are five critical
components necessary to increase teacher knowledge, skills, and practice

through professional development. The five components are content, active
learning, coherence, duration, and collective participation. The first component
could be the most influential one. Desimone stated that:

A compilation of evidence in the past decade points to the link between
activities that focus on subject matter content and how students learn that
content with increases in teacher knowledge and skills, improvements in

practice, and,to a more limited extent, increases in student achievement.
(Desimone,2009, p. 184)

Active learning is the alternative to passively listening to a lecture.
Examples of active learning would include teachers watching expert teachers

teach and having a discussion regarding the lesson afterwards, or having the

expert teachers observe them,then having a discussion about the lesson, as well
as the expert teachers providing feedback. It could also include reviewing and

discussing student work (Banilower & Shimkus, 2004; Borko,2004; Carey &
Frechtling, 1997; Darling-Hammond, 1997; Lieberman, 1996).
Teachers' buy-in to professional development is contingent upon whether

they are convinced that the professional development they receive is relevant to
their current instructional practice and is responsive to administrative and
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legislative pressures for student achievement. Teachers need to see that the
professional development is consistent, at least in some ways, with what they
already know and believe about student learning. They also need to feel that the
information received is tied to school, district, and/or state reforms(Desimone,

2009). In a time of high stakes accountability, any information that does not
appear aligned to directives by their sites or districts can cause teachers to be
resistant to professional development.

"Duration" refers to the length of time it takes for professional development
to make a long-lasting intellectual and pedagogical change. This change
requires activities spread over at least a semester or intensive time over a
summer with follow-ups, and it also requires a substantial number of hours
(Cohen & Hill, 2001; Fullan, 1993; Guskey, 1994; Supovitz & Turner, 2000). A
review of nine studies found that sustained professional development was related
to increases in student achievement. Professional development of less than 14

hours showed no effects on student learning, professional development lasting
more than 14 hours showed significant positive effects, but the largest effects on
student learning were found for programs between 30 and 100 hours spread out
over 6-12 months(Yoon, Duncan, Lee, Scarloss, & Shapley, 2007).
The last of the five components is collaborative participation. To

encourage discourse and active participation by teachers, it is important to have
teachers that share a commonality. This can be accomplished by including
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teachers from the same grade level, same school, or same departments
(Desimone, 2009).

Desimone(2009) proposed a core theory of action for professional
development that incorporates these components;
1. Teachers experience effective professional development.

2. The professional development increases teachers' knowledge and
skills and/or changes their attitudes and beliefs.
3. Teachers use their new knowledge and skills, attitudes, and beliefs to

improve the content of their instruction or their approach to pedagogy,
or both.

4. The instructional changes foster increased student learning.
(Desimone, 2009, p. 184)

Desimone's(2009) model assumed that teachers' attitudes and beliefs will

change as they participate in professional development. However, before beliefs
can change it is important to consider when planning professional development
what makes professional development effective as well as what can hinder its
effectiveness. The common purpose of professional development programs is to

alter professional practices, beliefs, and improve student learning. The
ineffectiveness of some professional development programs can be attributed to
two crucial factors not being taken into account: 1)what motivates teachers to

engage in professional development and 2)the process by which instructional
change in teachers generally occurs(Guskey, 1986).
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According to Guskey(1986), a key to facilitating change in instruction was
the order in which the outcomes occur most often. In programs where the desire

is to first change beliefs and attitudes among the teachers, a concerted effort is
made to build relationships with the staff members, and the staff members are
included in the decision-making process. However,this process does not

significantly change teachers' attitudes or secure their commitment(John &
Hayes, 1980). Instead, teachers do not tend to change their attitudes until they
have proof that what they have implemented in their classrooms has improved
student achievement. For example,teachers who have worked with students

from disadvantaged backgrounds, often feel that their students are incapable of

learning. Guskey(1986)suggested that teachers first need to be provided
professional development that gives them strategies to take back and use in their
classrooms immediately. Then, after teachers feel successful with the new
strategies and see an improvement in student achievement,then they are more
likely to change their beliefs and attitudes about their teaching.
Since increased teacher content knowledge is assumed to support student

achievement, many programs have provided teachers with professional

development that is aimed at deepening their mathematics content knowledge.
This is no surprise as many providers of professional development are content

experts. However,supporting teachers in improving student achievement is
much more complicated than solely conducting monthly mathematics content

seminars or holding two-week intensive summer institutes. In fact, research is
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somewhat limited on which aspects of professional development have the most
effect on teacher understanding of mathematics as well as which aspects play a
role in increasing pedagogical knowledge teaching, and equally as important,
how to change teacher beliefs and attitudes.

Connections to Teacher Professional Development

It is important to note that many studies have been done in which
researchers have attempted to look for correlations between student
achievement and teacher PCK. For example. Carpenter, Fennema, Peterson,
and Carey(1988)investigated the PCK for children's problem solving using 40
first grade teachers and their students. The measures of this study focused on
the teachers' knowledge of distinctions between problem types and the ability to
predict performance of specific students on different problems.
Teachers were assessed in two ways. The first type of problem was the
'Writing Word Problems.' Teachers had to write problems that were represented

by different number sentences. The second type of assessment was the
Relative Problem Difficulty test where teachers had to determine which of a pair
of problems would be more difficult for their students. Teachers also had to
demonstrate how different students in their class would solve particular addition
and subtraction word problems.

It was found that teachers' general knowledge of problems, the strategies
needed to solve them, and the difficulty of the problems were significantly
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correlated with student achievement. In addition, there was no correlation

between teacher ability to predict what strategy a student would use and student
achievement. On the other hand, there was a significant correlation between

teachers' ability to predict how successful their students would be on specific
problems. While this study provided some important information on teacher
mathematical knowledge and understanding,the instruments were specific to this
particular study.

Another study, one that lasted three years, was conducted with teachers
who were teaching in high-risk schools. The professional development included

providing teachers effective strategies for facilitating problem-solving, deepening
teachers' content knowledge in relation to authentic assessment for the grade

levels being taught, and understanding the NCTM standards and principles as
well as their state standards that are relevant to second and third grade (Bailey,

2010). Some of the key professional development strategies employed were
those commonly believed to improve instruction and used frequently in
mathematics professional development. For example, emphasized in the

professional development was the teaching of concepts through lessons that
address multiple standards. In addition, participants were encouraged to find
more than one strategy to solve problems. Lastly, after unpacking the standards,
teachers evaluated the lessons to find materials that aligned to the concepts for
their grade level.
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Teachers in this study by Bailey(2010)were given the HQ(Improving

Teacher Quality Survey), which included both math content knowledge and self-

efficacy items. The survey was given both pre- and post-treatment. The results
showed that teachers improved in both their self-efficacy in regards to teaching
and their mathematics content knowledge. Implications from the ITQ study by

Bailey included that professional developmentfor mathematics teachers should
include the components described above as well as a recommendation that
researchers,teachers, educators, and school administrators all need to work
collaboratively to design the professional development.

Development of Learning Mathematics for Teaching Instrument
What had been needed was an instrument that could be used more

generally in studies to determine how much of each type of mathematical
knowledge(PCK, MKT,etc.) a teacher possesses, and if that knowledge is
sufficient to increase the academic performance of the majority of that teacher's

students. A study by Hill and Ball(2004)documented the first use of an
instrument for evaluating teachers designed to measure teacher content

knowledge. The instrument was built on the assumption that there is a construct
or multiple constructs that can be called Mathematics Knowledge for Teaching

(MKT)and that scales could be developed that measure this knowledge. In
addition, there is a second construct that can be called Pedagogical Content

Knowledge(PCK). PCK would include familiarity with topics that children find
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interesting, representations that are most useful for teaching a concept, and
typical student errors and misconceptions.
The first MKT items were developed around specific math content:

number concepts, operations, patterns,functions, and algebra. The rationale
behind this content was that number concepts and operations made up a large

portion ofthe K-6 curricula. Patterns,functions, and algebra were selected as
topics as they were relatively new concepts for elementary students. For the
purposes of developing items,two sub-categories were used. These sub
categories were Common Knowledge of Content(CKC)and Specialized
Knowledge of Content(SKC)(Hill & Ball, 2004). The difference between the two
types is that common knowledge is the ability of mathematics teachers to
compute and solve problems and specialized knowledge is the ability to
demonstrate alternative ways of solving mathematics problems as well as the

ability to recognize and evaluate unconventional strategies of solving problems.
The item writers of the first MKT items sought to serve three purposes with

the items developed in the categories listed above. The first was to have
measures in which growth in content knowledge could be measured. The

second was to sharpen the researchers' ideas about what knowledge and skills
in mathematics teachers need to have. The last was to be able to find items that

could be used as pilot items that could be used to help clarify the organization
and characteristics of MKT.
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Correlation of Learning Mathematics for Teaching Results,
Teacher Instruction, and Student Achievement

The resulting instrument was given to elementary school teachers

attending summer mathematics professional development institutes to see if a
large-scale project could be evaluated using this instrument. Although the
effectiveness of the LMT would still need more study, as some of the measures

were still under development at the time of this current study, the use of the
instrument, showed that teachers can and do learn mathematical content for

teaching in summer professional development programs. The teachers showed
an increase in their scores between the pre- and post-assessments based on the

LMT. This was true independent of what the mathematical contentfocus was for

the professional development. However, it is important to note that all of the
instructors were carefully selected for the summer professional development: all
were knowledgeable in mathematics at the college level.

in a subsequent study,(Hill, Ball, Goffney, Blunk, & Rowan,2008)
researchers focused on whether an instrument that measures teacher content

knowledge in a multiple-choice format such as the LMT,gave accurate
information about the teachers' mathematical knowledge. This 30-item
instrument consisted of items that were "balanced across content domains

(13 number items, 13 operations items,4 pre-algebra items), and specialized

(16 items)and common(14 items)content knowledge"(Hill et al., 2008, p. 109)
was given to teachers who were later videotaped in the classroom.
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This study found that there was a correlation between high scores on the
assessment and the teachers' abilities to avoid mathematical errors and provide

classroom instruction that is "rich in representations, explanations, reasoning,
and meaning"(Hill et al, 2008, p. 117).
In addition, a case study involving 10 teachers was conducted as
researchers looked for an association between teachers' MKT as measured by

the LMT and the Mathematical Quality of Instruction(MQI)as evaluated through
classroom observations (Hill, et al., 2008). The researchers were interested in

finding where teachers get their content knowledge and instructional strategies.
The 10 teachers chosen for this study all agreed to be involved in mathematics

professional development. In addition, the teachers agreed to take pencil-and
paper LMT assessments as pre- and post-tests and nine classroom assessments
were videotaped. Although there were many limitations to this study, including
the fact that these particular teachers volunteered for the study and were not

randomly chosen, a positive correlation between the teachers' LMT scores and

the quality of their mathematics lessons were evidenced through the videotaped
lessons. In addition, in some instances, it appeared that extensive professional

development improved both teacher mathematical knowledge and the quality of
instruction.

The LMT was used in a large-scale study where teachers received

professional development in mathematics through intensive workshops,such as
Mathematics Professional Development Institutes(MPDI). The MPDIs were

24

three-week intensive summer institutes offered in California from 2000-2003.

Twenty-three thousand teachers received subject-matter specific professional
development in English language development and in mathematics. Overall,
teachers showed growth in their math content knowledge as evidenced by the
LMT assessment. However, it is not known which aspects of the professional

development were most effective in strengthening teacher content knowledge
and improving student performance (Hill, Schilling, & Ball, 2004).
The formula for being an effective math teacher is not a simple one. For

over a century, stakeholders and researchers have been trying to improve
student mathematical performance by modifying the ingredients in the formula.
What has been learned in the quest for improved mathematics instruction is that

there are categories of teacher knowledge, and these categories include
conceptual knowledge of the mathematics as well as pedagogical competence.
The LMT is an instrument that can assist professional developers in finding out

whether provided professional development has increased teacher

understanding in several different categories. However,there is still much to
learn about whether or not increased teacher knowledge in any particular area is
associated with improved student performance.
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CHAPTER THREE
METHODOLOGY

As stated in the introduction, the goals of this study were(1)to evaluate

the change in teacher mathematics knowledge for teaching fractions;(2)to

compare the growth in teachers' mathematical knowledge for teaching fractions
to the percentage of their attendance in project activities;(3)to determine and
analyze common mathematical misconceptions in the area offractions among
the teachers, and (4)to what extent they were ameliorated by the provided
professional development.

Project Professional Development

The professional development project was a three-year project at one
school site in a K-8 district. The school is in an urban area with a high

population of English Language learners(ELLs). At the onset of the project, all
teachers agreed to be part of the project as a requirement of teaching at that
particular school site. However, after the first year, with layoffs and mandatory
reassignments, the new teachers to the school did not make the same

commitment although they were required to participate in project activities.
One of the goals of the professional development project was to reduce

the two following district-wide achievement gaps by 30%: a)the gap between the
White student population and the rest of the school's population, and b)the gap
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between the English Learner(EL) population and the non-EL population.

Another goal was to increase math conceptual content knowledge and math
knowledge for teaching among the teachers as well as to increase use of
effective pedagogical skills, especially for English Language Learners and
Standard English Learners(SELs). A third goal was to promote cultural and

systemic change that would result in ongoing improvement that promotes long
term sustainability. The final project goal was to create a replicable professional
development model with evidence-based successes.

Throughout the project, teachers were provided sustained professional

development through several different components. Each year of the project
participants attended a summer institute. Throughout the school year,

participants attended a monthly afternoon professional development session
referred to as Math Explorations. In addition, small groups of teachers

participated, once a month, in school-day lesson study sessions where they
studied content, planned and conducted research lessons, and debriefed and
reflected on those research lessons.

The summer institute content was different each year(Table 1). Multiple

members of the project leadership team facilitated each summer institute. As
with lesson study and Math Explorations,the contentfor the professional

development throughout the project was chosen largely based on the leadership
team's perception of what mathematical and pedagogical content teachers
needed. Students' CST scores in the year prior to the beginning of the program.

27

teacher requests, and classroom observations by project staff played a role in the
design of the professional developmentframework, content, and learning
activities.

Table 1

Mathematics Content ofSummer Institutes
Year 1

Year 2

Year 3

-Fractions, decimals, and

-Underlying structure of

-Grades K-2: addition

place values

mathematics: relational

and subtraction

-Proportional reasoning

thinking, equivalence,
justification,

-Grades 3-5:fractions

mathematical reasoning

-Patterns, graphs, and
equations
-Problem solving and
mathematical reasoning

-Grades 6-8:fractions,

-Fractions: estimation,

part to whole, comparing
and ordering, operations,

decimal, and percent
representations

equivalence

As mentioned above,the participants met once a month during the

workweek for Math Explorations. The mathematics content for these sessions
varied as well. Table 2shows the content for each year of Math Explorations. In

addition to content, pedagogy and English Learner instructional strategies were
integrated into the professional development.
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Table 2

Mathematics Content of Math Explorations

-Fractions

Year 3

Year 2

Year 1

-Place value

-Patterns and functions

-Expressions and
equations- use of equal
sign and equivalent
equations

-What is a function?:

recursive vs. explicit,
linear vs. non-linear
-Five ways to represent
functions
-Fractions

Lesson study topics varied for each lesson study group. The lesson study

groups were organized by grade level. Some lesson study groups were
composed of teachers from several grade levels and other groups were

composed of teachers from just one grade level. In Math Explorations and
summer institutes, teachers from different grade levels were combined more
often than not. During the last summer institute, K-2 was separated from 3-5
and 6-8 for all content sessions.

A combination of the modified LMT results and an analysis of the

participant interviews were used to determine the effectiveness of the provided
professional development in strengthening teachers' knowledge offraction
content knowledge. The information documented in this study helped in
determining how to better meet the mathematical needs of elementary teachers.
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As the project had multiple components,the researcher also wanted to determine
which aspects ofthe professional development the participants found most
influential in improving their content knowledge in the area offractions.
There were some difficulties in conducting an uninterrupted sequence of

progressively more conceptual and substantive content in the professional
development because of changes in the project school's staffing. Beginning with
the second year of the project, unexpected school staffing changes were made.
Unfortunately, both the second and third years had a high turnover of teachers

for a variety of reasons including teacher retirement, layoffs, and re-assignment.
Therefore,there were only seven teachers involved in the project for the entire

three years. With a very small sample size, results from the modified LMT were
not enough for any statistical significance. In addition to the modified LMT
scores, transcripts of participant interviews with the evaluator as well as
additional, semi-structured interviews conducted by the researcher were used as
data for this study.

Population

The target population for this study was K-8 teachers in an urban

elementary school. A total of 59 teachers participated for one or more years in
the program, with about 23teachers participating in any given year. These
teachers were involved in an intensive three-year mathematics professional
development program.
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Participant data from those who had taken multiple modified LMT
assessments were used for the purpose of comparinQ amount of participation to

gains in assessment scores. There were 25 teachers who took more than one
assessment. Of those who took the assessment,22 were female and three were

male. Table 3shows the distribution of grade levels of these 25 teachers based

on the last grade they taught while participating in the project. The teachers
listed under other included one teacher who was teaching science during the last

year, a reading coach,a Resource Specialist(RSP teacher), and an Outreach
Counselor. All of these teachers hold a California multiple subject credentials.

Table 3

Teachers Who Took More than One Modified Learning Mathematics for
Teaching Assessment
Grade

K

1

2

3

4

5

6

7

Other

Number

4

1

3

4

3

2

3

1

4

of
Teachers

However, analysis of the participation data revealed that only seven
teachers were involved in the study for the full three years. These seven

participants were chosen for further analysis of their responses on the modified
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LMT assessments and of their responses to the exit interviews conducted with

the project's internal evaluator. Additionally, semi-structured interviews were
conducted with five of the teachers who participated in all three years of the

project and who were willing to be interviewed by the researcher. This sample of
the seven teachers is described below.
Sample

Although other participants had been in the study for a majority of the
project's duration, data from these participants were not used for this study. The
sample of seven participants included six female teachers and one male teacher.
All seven teachers had California Clear Multiple Subject Credentials. None of the

seven had a single subject mathematics credential or any other single subject
credential. Three of the teachers described themselves as Caucasian,two as

Hispanic, one as Hispanic/Caucasian, and one as being of multiple ethnicities.
Some of the sample teachers were assigned to different grade levels over the

years; Table 4 represents the number of teachers assigned to each grade level in
each year of the project.
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Table 4

Grade Level Assignments of Teachers Part ofProject All Three Years
Grade Level

2008-2009

2009-2010

2010-2011

2

0

1

1

3

2

1

1

4

2

3

3

5

1

1

1

6

0

0

0

7

0

0

1

Not teaching fractions

2

1

0

Instrument

Three instruments were used in the collection of data. All of the

participants in the project were given a modified version ofthe LMT at the
beginning of the project and then once a year until the end of the three-year

projectfor a total offour assessments. Table 5 shows the number offraction
items on each Modified Learning Mathematics for Teaching assessment as well

as how many items were aligned to each cognitive level. Some items addressed
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more than one cognitive level. The assessments given later during the project
had a higher percentage of items that required participant conceptual
understanding. The modified version of the LMT consisted of both multiple
choice response questions as well as written justifications. For purposes of this
study, only the items with fractions were analyzed.

Table 5

Cognitive Level ofItems on Modifiediearning Mathematics for Teaching
Cognitive Level

Total

Number of

Assessments
1. January,

Items on
Fractions
10

Conceptual
Understanding

Problem/Solving
Reasoning

Pedagogical
Content
Knowledge

8

2009

2. December,

10

2009

3. July, 2010

24

13

2

11

4. July, 2011

30

30

5

12
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The modified LMT data was analyzed using the Rasch model for the

dichotomous and polytomous data. This model was used to measure both the
difficulties of the items and the achievement of teacher performance on a linear
scale(Pallant & Tennant, 2007).
The second instrument was an interview protocol used with all available

project participants at the end of the three years for purposes of evaluating the
full project. The teachers' responses to the interview questions and transcripts
were made available for this research study. The interview protocol is provided
in Appendix B.

The third instrument was a semi-structured interview. During these semi

structured interviews, the researcher asked participants to solve problems and to

clarify and elaborate on their responses from the prior interviews with the
project's internal evaluation.

Five of the seven participants were selected for the semi-structured

interviews. They were chosen because they had discussed fractions more than

briefly in their exit interviews(instrument two). Two questionsfrom the LMT item
bank were included as part of the interview. The participants had never seen the

first question prior to being interviewed. The participants had seen the second
question previously on one ofthe four modified LMT assessments. Both the
modified LMT questions, as well as the rest ofthe interview protocol used during
the additional interviews by the researcher, are in Appendix C.
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Data Analysis

The scores on the modified LMT assessments for each teacher were

compared to determine gains using the table of specifications(Appendix D)to
select the items whose mathematical content included fractions. These gains

were further analyzed to determine if there was a correlation between time in the

project and gains in knowledge offractions. In addition,the teachers were
separated into primary and upper elementary/middle school to see if the
correlation was higher for one grade span than for the other. These analyses
were done to determine whether or not there was a relationship in growth of

teachers' mathematical knowledge for teaching fraction and percentage of
participant attendance in project activities.
Since some items on the modified LMT assessments required

explanations,the researcher selected the items that not only involved fractions,
but also those that were used on more than one assessment,to analyze them

more closely. Notes were taken on the teacher responses to fraction items that
were answered on multiple assessments as to whether the responses for each

participant stayed the same or changed,and if the responses changed, how the
responses changed.

To add to the modified LMT item data, the researcher utilized the scripts of
the seven teachers that had been in the project for the full three years. The

conversations involving fractions were separated from the rest of the scripts.
Information on how teacher thinking aboutfractions had changed, including the
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ameliorating of misconceptions, changes in classroom instruction, and teacher
personal growth in their understanding offractions, was collected from these
scripts.

Finally, five participants provided additional data in the semi-structured
interviews. The researcher recorded the interviews and used the recordings to

gather additional information about changes in understanding offractions and the
transfer of this understanding to the classroom. Furthermore,the interview data
were used to find out which components of the project they felt were most helpful

in enhancing their understanding and their students' understanding offractions.
The teachers in this project were immersed in professional development

for three years. The researcher used the three instruments described to
determine any changes in teacher fraction knowledge,teachers' pedagogical

knowledge offractions, and whether or not any misconceptions were resolved for
the participants. In the next chapter are the findings from these three
instruments.
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CHAPTER FOUR
FINDINGS

Data were obtained from different sources. Analysis of the data provided

information about the effectiveness of the project. Descriptive statistics of the
LMT measures were obtained for teachers and fraction items. The modified LMT

results and teacher interviews provided data on determining whether there was

growth in teacher understanding offractions. The measures of participants who
were administered multiple tests were correlated with the amount of participation

in project activities. Lastly, both interviews of the seven teachers who were
involved in the project for the entire period of the project with the internal
evaluation, as well as additional interviews with five of the seven teachers,

provided information on teacher misconceptions and teacher perceptions of
project effectiveness in increasing their understanding offractions.
Modified LMT Data

The items of the modified LMT that involved fractions were separated from

the rest of the items. The multiple choice items of the modified LMT were scored

dichotomously and the explanations for the choices were scored according to an
Assessment Rubric(Appendix E). Participants were given separate scores for
two parts of the modified LMT assessment.
Each of the four modified LMT assessments were linked for analyzes

purposes with common items across the modified LMT assessments. In total.
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there were 108 LMT items. Of those 108 Items,46 included understanding of

fractions. Those 46 items were calibrated and analyzed separately using

Winsteps®(Linacre, 2011). The analysis provided a variable map(Figure 1)to
plot the participants' ability location and the level of item difficulty in logits. The
letter before each number on the right refers to the individual assessments with A

being the first assessment and D being the last one. Participant numbers
remained consistent for the four LMT assessments.
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Table 6 contains the descriptive statistics for all teacher measures and
item calibrations. The mean teacher measure was about 0.5 logits below the

mean fraction item calibration. The standard deviation was within the expected

range. The range in teacher measures(i.e., difference between the maximum
and minimum)was almost 7.5 logits. This included two scores, at either extreme
of the distribution, that were outliers. The highest score was approximately 1.5

logits greater than the next highest score, and the lowest score was

approximately 2.5 logits less than the score greater than it. The range and
standard deviation would have been less without the two outliers. The Person

reliability measure of.76 was moderately high.
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Table 6

Descriptive Statistics of Teacher Scores on Fraction Items
Summary of 103 Measured Person
total
SCORE

model
COUNT

infix

outfit

MEASURE

ERROR

MNSQ

ZSTD

MNSQ

ZSTD

11.9

17.8

-.45

.50

1.09

.1

1.02

.1

S.D.

8.2

8.7

1.17

.14

.48

1.0

.41

.8

MAX

39.0

30.0

3.00

1.08

2.88

2.4

2.25

1.9

MIN.

1.0

9.0

^.61

.30

-2.5

.24

-1.5

MEAN

REALRMSE .57
MODEL RMSE .52

TRUE SO 1.02
TRUE SD 1.05

.31

SEPARATION 1.79
SEPARATION 2.02

PERSON RELIABILITY .76
PERSON RELIABILITY .80

S.E. OF PERSON MEAN = .12

Table 7shows the descriptive statistics for just the fraction items on the
four modified LMT assessments. The standard deviation was slightly high

probably due to the two outliers described above.
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Table 7

Descriptive Statistics ofAll Fraction Items
TOTAL

SCORE

MODEL

COUNT

MEASURE

INFIT

ERROR

MNSQ

OUTFIT

ZSTD

MNSQ

ZSTD

MEAN

26.6

39.9

.00

.41

.98

-.2

.94

.0

S.D.

17.5

18.4

1.72

.21

.43

1.5

.41

1.2

MAX

83.0

76.0

3.24

1.34

3.15

5.6

2.15

4.0

MIN.

6.0

20.0

-3.97

.15

.23

-2.9

.04

-2.3

TRUE SD
REAL RMSE
.48
TRUE SD
MODEL RMSE .46
=
S.E. OF ITEM MEAN .26

1.65
1.66

SEPARATION 3.47
SEPARATION 3.59

RELIABILITY .92
RELIABILITY .93

Of the 59 participants in the project, only 26 took the modified LMT more
than one time. The mean teacher measure increased between all assessments,

except between the second and the third. However,the overall growth, in logits,
had a substantial growth of.98(Table 8). The standard deviation is fairly
consistent across all four assessments. The minimum and maximum do not

show any particular pattern. The highest maximum was on the third assessment,
and the lowest minimum was on the last assessment.
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Table 8

Descriptive Statistics for Participants'Ability Measures
with Two or More Assessments
12/09

7/10

7/11

-0.91

-0.36

-0.41

0.07

1.01

1.02

1.21

1.36

Minimum

-2.68

-2.34

-2.52

-4.61

Maximum

1.43

1.56

3.00

1.49

Year

Mean
Standard

1/09

Deviation

Individual data for the seven participants who were in the project for the

entire three years are given in Table 9. Five of the participants showed growth
as measured in logits from the first to the last assessment. The largest growth
was approximately 3.5 logits. The other two participants showed a slight
decrease, with the larger decrease almost 0.5 of a logit.
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Table 9

Learning Mathematics for Teaching Fraction Scores in Logits for
Participants in Project All Three Years
YEAR

Participant

12/09

1/09

7/10

7/11
0.23

Participant 24

-0.35

-0.63

Participant 11

1.43

0.81

1.08

Participant 10

-2.68

-0.98

-1.28

Participant 30

-2.09

1.1

1.32

1.4

Participant 12

0.75

1.56

1.08

1.49

Participant 18

-0.5

Participant 21

-0.18

-0.5

-0.68
0.64

0.31

0.92

-1.4

0.47

assessment, but were still part of the project.

Descriptive statistics were also determined for the seven participants who
were involved in project activities all three years(Table 10). The change in the

mean, in logits, was even greater for this small sample than it was for the

previous sample. The increase in logits between the first assessment and the
last assessment was over 1.5. As would be expected, the standard deviation for

this small sample was very slight. The maximum scores changed very little, but
the scores at the low end of the scale increased by about 2.25 logits between the
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first and last assessments. This increase in the minimum accounts for the
increase in the mean.

Table 10

Descriptive Statistics for Participants'Ability Measures for
Participants in Project All Three Years

YEAR
Mean
Standard

12/09

7/10

7/11

-0.42

0.42

0.19

0.99

1.49

1.00

1.02

0.54

-2.68

-0.98

-1.28

0.23

1.43

1.56

1.32

1.49

1/09

Deviation
Minimum
Maximum

Correlation of Participation and Scores on Modified Learning
Mathematics for Teaching Fraction Items

The Pearson product-moment correlation was computed to determine the

magnitude ofthe correlation between the gains made in the area offractions by
each of the 26 participants who had taken multiple, modified LMT assessments

and each of those participant's participation ratios. The gain was determined by
taking the difference between each participant's first and last LMT assessments.
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The participation ratio was determined by dividing the total number of days a

participant was involved in project activities during the three years ofthe project
by the total number of days of participation possible. The Pearson correlation
between the participation
1
♦ ratio and the gains in LMT measures was r = .22(see

plot in Figure 2). The proportion of common variance between the two variables
was.048 implying that less than 5% of the variance in the LMT was associated
with the proportion of time spent in the project's professional development.
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Figure 2. Correlation ofParticipation Ratio and Teacher Gains
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The teachers were divided into three categories based on teaching
assignments when they look their last modified LMT assessment. The three

categories included those who were teaching primary grades(K-3),those who
were teaching upper elementary(4-6), and those who had non-grade level
assignments, such as resource teachers.

The Pearson correlation between the participation ratio and the gams in
the modified LMT measures for the primary teachers was r = 0.03 and this

correlation is shown in Figure 3. The proportion of variance =.009 implying that
less than 1% of the variance in the modified LMT was associated with the

proportion of time spent in the project's professional development. The Pearson

correlation for the upper elementary was r = 0.42(Figure 4). The proportion of
common variance is 0.17 for this category; this was higher than that for the whole
sample and for the primary teachers and implies that 17% of the variance in the

modified LMT was associated with the proportion of time spent in the project's
professional development.
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Changes in Participant Explanations on Modified Learning
Mathematics for Teaching Assessments
The written explanation of the fraction items on the modified LMT
assessments for the seven participants who were in the project for the full three
years were analyzed. In particular, the fraction items that occurred on more than
one modified LMT assessment were examined to determine differences in how
the items were answered.

Four out of seven participants showed evidence of increased sensemaking of the mathematics in a complex problem on later assessments than on
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earlier assessments. For example, one participant answered Item 61 (Figure 5)
incorrectly the first time, but the second time she answered it correctly. Her first
attempt was to multiply Vs and Va. This gave her the distance she needed to
move along the number line, but she did not know what to do with her answer.
The second time she answered this item, she realized she needed to move % of

the way from

to %. She used the number line to get the correct answer, and

then added an apology that she did not know how to use the algorithm to find the
answer.

6. A group of Ms.Lee's students was following a set of directions to move a paper frog along a
number line.

Their last direction took them to L The next direction says:
2

Go J_ of the way to
3

Whet number will the frog land on?
4

The students disagreed about where the frog would land. Which answer should Ms.Lee accept as
correct? (Mark ONE answer.)
a) 1/12
b) 2/3
c) 7/12
d) 5/6
e)

1/4

f) I'm not sure.

Figure 5. Item 61
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Two participants' answers improved over time although they did not
achieve completely correct answers. When one participant responded to item 65

(Figure 6)on the first assessment,she was unable to solve the problem. She
recognized that the smaller pieces could be used to make the larger ones, but
was unable to get any further. On the second assessment, she was almost
successful in solving the problem; she used variables to represent the pieces and
used equations to find the value of each piece. The error she made was

computational; when adding 6/9 and 2/9, her sum was 7/9 instead of 8/9. There
was no evidence to determine whether or not her method for adding the two
fractions was correct.

I3]lf / )

and

together have area 2,whatis the area.yt.
Explain your answer carefully.

Figure 6. Item 65
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Another change of response over time identified four of the participants
answered items that were correct each time, but had less explanation in

subsequent responses. For example, on Item 105(Figure 7), one participant
correctly answered the question, and explained her work to determine how many

gallons could be purchased and whatfractional part of the gas tank would be
filled. The second time she answered the item, she gave an estimate of how
much of the tank would be filled, and provided no explanation or computations.

1
1

2

1

Y

Figure 7. Item 105

Interviews with Teachers

For the seven participants who were in the project all three years, the
researcher used just the parts of the internal evaluator-participant scripts that
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mentioned fractions. Additional interviews were conducted with five of these

seven teachers to further analyze participant growth in understanding fraction

concepts and pedagogy. Information gathered from participants interviewed by
the internal evaluator and by the researcher using a semi-structured protocol,

provided information about the participants in two different areas. The first one
was the changes in participants' understanding of fractions. The second was
how the teachers felt the professional development affected their understanding
offractions and how the changes in understanding had impacted their classroom
instruction.

In the five interviews done by the researcher, participants were asked to

solve the two questions in Appendix C. All interviewees answered the two

questions correctly. All five remarked that they would have answered the first
question, where they had to determine which student response provided a
correct representation of the fraction %,differently before being involved in the

project. All said they would not have considered there to be more than a single
way to represent a fraction pictorially. One participant said she would have
insisted that the representation with a circle was the only correct representation.

For question two, participants had to decide which scenario could be used
as a context for a division offractions problem, 1 % divided by 1/2. Three of the

participants grappled with the second choice. They knew that doubling $1.25
would give the same answer as the division problem, but they also knew the
scenario was a different multiplication problem. These three participants had a
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difficult time deciding whether it was an appropriate example to use in their
classroom. However, once they started talking about it, they decided there were

more appropriate contexts that could be used. This means that the participants
were concerned with more than just getting the right answer; the connection
between the context and the algorithm was important.

In addition to the two math problems,two of the participants were asked to

solve problems from the modified LMT that they had missed on their last
assessment. Both teachers solved the problems correctly, and then wondered

why they had been asked to solve the particular problems. In addition, neither
teacher had any difficulty in justifying the answers to those problems.

The participants shared how their understanding offractions was different
as a result of the professional development they received through the project.

Two of the participants mentioned how important understanding units was for
them now during their first interviews with the internal evaluator and the same

two participants as well as a third participant discussed their instruction of units in
the classroom during the second interview with the researcher. This third

participant said that a unit of a fraction has a very different meaning to him now
than it did before participation in the project. In the past, he said he always
looked for'one of something'and labeled that one item as the unit. One of the
other participants said she needed to get help from other teachers during the

professional development and during lesson study to understand fractions,
especially when it came to units. She said that she had difficulty understanding
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the unit. For example, if given pattern blocks, and the unit is not the hexagon,
but instead the trapezoid, that the rest of the pattern blocks now represent

different fractional parts than they did when the unit was the hexagon. She also
said it was difficult for her when the whole was not represented as a circle or as a

bar. A third participant said that when collaborating with teachers at her grade

level, the first thing they do when they encounter a difficult fraction problem is to
consider the unit. They learned to examine the unit during the professional
development in the project as a tool to help understand what the problem is
asking.

There was evidence that the participants interviewed felt that the project

changed the way they teach students fractions. One participant discussed
teaching his students about dividing fractions. He said that he had always taught
students to multiply by the reciprocal, and he added that students have no idea

why multiplying by the reciprocal will produce the correct answer. He said he
showed the students how to divide straight across (i.e., numerator by numerator

and denominator by denominator) with a problem where the numbers were

compatible and the answer worked out nicely. Then, he said he chose a problem
that was taken from a worksheet, and showed the students that this new problem

that did not have compatible numbers in the numerator and denominator,

produced an answer that did not work out as nicely as the problem before. He
said the students discovered it was more work to find the correct answer by

having to change the numerator and denominator of the resulting complex
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fraction into a simple fraction with decimals, and then simplifying the resulting
fraction. It turned out, according to the participant, that there are about ten steps

in using the divide across strategy with numbers that are not compatible, and
there are only three steps to solving a fraction division problem using the

reciprocal of the divisor and changing the problem to a multiplication problem.
He said if he had not been in the project, he never would have thought of

showing students both strategies so that they would understand that there is
more than one way to divide fractions and why multiplying by a reciprocal is most
commonly taught.

Another participant talked about how the project had helped her change
her understanding offractions, but that she was still having difficulty transferring

her understanding to her students. This participant said she had increased her
own understanding of how pictures help her understand the concepts, but she
was still having trouble with the algorithms. She said that she was having the
same issue with her students when teaching equivalence of fractions. She
shared that she now tried to teach fractions without presenting the algorithm, but

that she still had some problems. She said that when students draw pictures,

they did not draw them to scale, and therefore, they were not able to tell when
the fractional parts were equivalent. She added that she had found more
success with manipulatives, but students were not allowed to use them on the
state test, so she had resorted to telling students to halve or double numerators
and denominators. She added that she had become very comfortable with
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drawing pictures for her students, but the algorithms were still difficult for her, and
through her own struggles, she leamed how her students felt when they had
trouble learning algorithms.

As to which aspects of the project the participants felt helped them the
most, all five of the participants in the semi-structured interviews felt that all

components were helpful. Three of the participants talked about how valuable
the lesson study sessions were and how much they had learned about student
understanding during the lesson study sessions. One of the three discussed the
value of interviewing students to find out what they really know. Two of the

participants apologized for not being able to discern the difference between what
they learned in Math Explorations and what was learned in the summer institutes,
because the content blended together for them. Both brought up learning about

the same fraction activity, but neither could remember at which project activity

they learned it. Finally, they added that both components were very valuable to
them, along with the lesson study.
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CHAPTER FIVE

DISCUSSION AND CONCLUSIONS

This study had clear limitations. The first was the small sample size.

Having a large turnover each year resulted in there being only a small group of
teachers who were involved in the project for a long enough period of time to

produce change in their understanding offractions. An even smaller subset of
teachers than those that participated long enough to take more than one

assessment was the tiny group of seven teachers who participated in the project

all three years. However, this small group of teachers' responses to the

interviews provided some of the most informative data about the effectiveness of
the project for those who participated long-term.
Beside the high turnover of teachers,the participants in this three-year

projectfaced some additional challenges. One of these challenges was the
involvement of teachers with additional professional development commitments.

Some of the teachers were involved in a science grant in the district. That

project also required a significant time commitment on the teachers' part.
Another challenge was that the school was involved in a variety of professional
development activities and programs, and this project competed with many
others for teachers' and administrators' time and effort. Teachers remarked that

they were tired, and that it was difficult for them to consistently be engaged as
they had school commitments almost every afternoon after teaching all day.
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Teachers' prior knowledge of the subject matter may have also influenced
which teachers made substantial growth in their understanding of fractions.
According to Desimone(2009), cohesion is one of the five critical components for
effective professional development. Many teachers came to the program without

sufficient mathematics background to connect what was being taught during the
professional development to what they needed to teach in the classroom.

Teachers felt very stretched who came to the project without a strong
mathematical background.

Lack of prior mathematical understanding may be partially responsible for
the Pearson correlation being much lower for the primary teachers than it was for

the upper elementary teachers. The upper elementary teachers use
mathematics at a higher level in their daily instruction than teachers who teach in
the primary grades.
Another possible explanation for the higher Pearson correlation at upper

elementary might be the focus of the professional development during the first
two years of the project. For the first two years of the project, most of the
professional development activities, in both Math Explorations and in the summer

institute, were conducted with the whole group; teachers were not divided into

grade-level groups. During the third year, however, most of the professional
development was separated and more focused on grade-level spans.
In addition to coherence, Desimone(2009) listed four other critical
components that are necessary for effective professional development: content.
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active learning, duration, and collective participation. These critical components
were evident in the different aspects of this project. The mathematics content

provided for the teachers was standards-based and grounded in research. The
teachers found that it was helpful that all of the professional development,

including lesson study sessions, allowed for collaborative work, Teachers
worked together to solve problems and were given immediate feedback about
their performance. Teachers found that the environment was non-threatening,

and they were willing to share their solution approaches and misconceptions in a
whole group setting without much concern of being judged by their peers or

professional development instructors. This willingness to collaborate and take
risks in lesson study and other project professional study carried over into their

grade-level planning where collaboration took place for the first time in years.
Analysis of participants' explanations over time to the same items on the
modified LMT produced mixed results and created additional questions for future

study. It is clear that there were participants whose ability to explain their
thinking about a problem did improve over time.

In addition to being able to explain their own thinking, on both the modified
LMT assessments and on the two LMT items used for the semi-structured

interviews, the responses indicated that teachers increased in what Shulman

(1986)referred to as pedagogical content knowledge(PCK). Participants were
able to show and identify more ways to teach and/or explain a problem than they
reported being able to describe before the project. Specifically, when they were
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asked during the semi-structured interviews to explain how they would teach a
concept to students, these participants shared that they had increased the
number of strategies they had to share.

An example of teachers' increased ability to utilize a variety of strategies is
provided on an item in which participants were asked to explain what
representations they would use to demonstrate why 4/5 is greater than 6/10. On
the first assessment, one participant responded that she would use fraction bars
to show why 4/5 was greater than 6/10. By the time the teachers took the last
assessment, this same participant had also included in her explanations a
traditional algorithm, number lines, fraction circles, and area models as well as

the fraction bars. This ability to produce multiple instructional strategies for

teaching content was also evident in the semi-structured interviews done by the
researcher. Teachers stated that before being involved in the project they never
would have realized that there was more than one way to solve any particular
problem.

However,the participants' own growth in the understanding offraction
problems, where pedagogy was not the primary target of the question, was not
always simple to discern by reading their responses and justifications to the

modified LMT items. Research has shown that elementary teachers tend to have
compartmentalized knowledge and cannot easily transfer their knowledge from
one domain to another(Baturo & Nelson, 1996; Mewborn, 2001). In addition,

these same studies tended to show that elementary teachers have a tendency to

61

know facts and be able to compute algorithms but not really understand the
concept behind the mathematics they are teaching.
From the analysis of the test items, it was hard to tell why the explanations
became better. It could have been because of an increased conceptual

understanding offractions, and the participants were better able to explain more
about the mathematics because they knew more about the mathematics than
simply how to compute the algorithm. Or, it may not be that the teachers
increased their conceptual understanding,the more in depth responses could
have also been because, at the start of the project, they were unfamiliar to writing
about their mathematics, and communication of their thinking, in general,

improved. It is also unclear whether the participation in the project helped them
write more clearly about their thinking, because of opportunities provided in the

project, or that they wrote better because they understood the expectations of the
assessment better.

On the other hand, there were participants who showed no change at all in

their explanations or, surprisingly, became briefer with each subsequent
assessment. There could be several reasons for those explanations that actually

became less effective over time. One explanation could be that the participants

remembered the item, and it was no longer of interest to them. The first time the
item was seen, it may have been a challenge, and the participants took their time
thinking and writing about it. When the item was encountered again, the item
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had lost its novelty, and the participant did not need to put much thought into
answering the question.

Another explanation for shortened explanations could be that teachers
increased their understanding of some concepts and did not feel the need for
elaborate explanations. There is some evidence to support this explanation.
One is that on some items from the first two modified LMT assessments the

participants had to use drawings and diagrams to make sense of the problem.
For the same item on later assessments,the participants used an algorithm and

quickly solved the item. Since the participants did not use the algorithm the first
time the item was attempted, it is unknown as to whether or not they learned the

algorithm during the course of the project, or that they knew the algorithm before
the start of the project and discovered the algorithm was applicable to that
particular problem.

According to the research regarding the relationship between duration of
professional development and likelihood of that professional development
creating long-lasting intellectual and pedagogical change, more sustained
professional development was preferable(Cohen & Hill, 2001; Fullan, 1993;

Guskey, 1994; Supovitz & Turner, 2000). Therefore, the participant interviews
were conducted with the participants who were involved in the project activities
for all three years, and their responses supported the research that there are

positive changes in teacher understanding with sustained professional
development. The participant interviews seemed to provide more information.
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not only about what the participants had learned aboutfractions and teaching
fractions, but also about their perceptions of what they had learned.

These five participants had a strong perception that their instruction of

fractions had changed for the better. Prior to participation in the professional
development activities, most of the teachers had been using their textbooks as
the sole source of instructional materials. For the most part, the textbook

examples and lessons demonstrated procedures and had very weak conceptual
development of mathematical topics. During an interview, one participant
mentioned that she had moved away from using the textbook as her primary

source of instruction and was now providing activities that supported student

conceptual understanding through the use of multiple representations of fractions.
Other participants mentioned that they were no longer providing mathematical
algorithms without building connections to the concepts, and that students were
generating algorithms on their own through experimentation with drawings and
manipulatives. Overall, they said that they felt students were much more
successful with fractions than they were before the project began. However,
there is no direct evidence to support these teacher perceptions, as the GST data

are not partitioned to report separate outcomes for fractions.
There is evidence, however, that the modified LMT data were not able to

fully capture the actual growth in teacher understanding offractions. First of all,
teachers seemed to perform better on fraction items during professional
development and during the semi-structured interviews than they did on the
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assessments. The latter may be partly explained by the fraction data including

all participants that had taken multiple assessments, and the interview data
including only from those participants involved in the project for the entire three

years. One question that arises from this is:"What is the minimum amount of
participation needed for teacher change in knowledge and pedagogy to occur?"
Secondly,the modified LMT data includes both the objective scores from
the multiple-choice answers as well as the more subjective scores from the
Exemplars rubric. If the objective scores were analyzed separately, would the
correlation between the fraction items and teacher participation be higher? This

question, as well as other questions mentioned before, such as: Is professional
development more successful for participants teaching upper grades as opposed
to those teaching primary grades, and what is the percentage or participation

required for professional development to facilitate teacher change, are questions
that are worth studying in the future.
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APPENDIX A

SAMPLE ASSESSMENT ITEMS:
MODIFIED LEARNING
MATHEMATICS FOR
TEACHING
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1) Which ofthe following could be a unitfor a fraetioni; question?
a)

b]

c)

d}

lB)Mrji.Cronkgave krclassthe follov'ng problera:
911 rtt-fiL-f nurtfj

6 .

4

10

5

V{

Whensheread thestudentresponses,she wassurprised to discover thatmostofhis
6

4

6

10

5

ID

students thoughtthat ■- was worth more than • .One student wrote: "If1 had -,1
t

4

6

5

10

would have 2 more than Iwould choose — soIwould have more money," How

would you recommend that she address this error inher next class?
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8. Mr. Lewis asked his students to divide — by —. Charlie said,"I have an easy
8

2

method, Mr. Lewis. I just divide numerators and denominators, I get

which is
4

correct." Mr. Lewis was not surprised by this as he had seen students do this before.
What did he know?
Circle ONE answer.

a) He knew that Charlie's method was wrong, even though he happened to get the
right answer for this problem.

b) He knew that Charlie's answer was actually wrong.
c) He knew that Charlie's method was right, but that for many numbers this would
produce a messy answer.
d) He knew diet Charlie's method only works for some fractions

13]lf y ^

and ^ ^ togetherhavearea 2,whatis thearea

i k and?

l\ Explain youranswerrarcMly.
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1)Your gas tank is reading empty,but you are low on cash. You used your last$10
to buy gas at a station where you paid $2/gallon. Ifa full tank holds 14 gallons,
put an arrow on the gas gauge to show how much gas you had in the tank after
the purchase. EXPLAIN why you chose this placement.
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6. A group of Ms.Lee's students was following a set of directions to move a paper
frog along a number line.

Their last direction took them to

The next direction says:

Go — of the way to —. What number will the frog land on?
3

4

The students disagreed about where the frog would land. Which answer should
Ms.Lee accept as correct? (Mark ONE answer.)

a) 1/12

b) 2/3

c) 7/12

d) 5/6

e) 1/4

f) I'm notsure.
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20. Mrs. Bond's students were'writing eouiva-ent forms of the same number. However,
students did not alwavs find this easy. For each ist Delow, indicate whether the
expre^ions are ecLU'aient forms of the same number.
arele EOUIVA-E\T. NOT EQUIVALENT, or I'M MOT SURE for each. EXPIAIM each of
your choices.

Equivalent

a)

Not

rmi not

equivalent

sure

3.Q, 300%
10

''O

b) 4^,0.4,
b

,0.007,0.7%

c)
1000

d) —,0.6,6%
10

Source: Hill, H. C., Ball, D. L., Schilling, 8. G., & Bass, H.(2008).
Mathematical knowledge for teaching measures. Anne Arbor, Ml:
Learning Mathematics for Teaching Project.
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APPENDIX B

INTERNAL EVALUATOR INTERVIEW PROTOCOL
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Collect: Teacher Name, Grade level, average class size, number of years

teaching at project school, number of years teaching, and quick survey regarding
classroom practice:

Request permission to conduct and record the interview. Tell teacher the
interview will take about an hour.

Begin interview:

1.

If an observer enters your classroom when you are teaching math,

what would you like for him/her to see?

2.

Given what you said, how would you describe your teaching style?

(Can you briefly describe your general approach to teaching math with this
class?)

3.

How comfortable do you feel about teaching math at this grade

level? Why?

a.

How has participating in this project impacted you and your

teaching of math?

b.

How has your comfort level changed since you began

participating in this project?
Expectations:

a.

What were your expectations when you joined this project as a

participant?

b.

How have your expectations changed as a consequence of

participation in this project?

c.

How satisfactorily has this project met your(evolving) expectations.

What could have been done to have better met your expectations?
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Project Effectiveness and Usefulness
Monthly Seminars

a.

What words would you use to describe this project's professional

development efforts?

b.

In what ways i How has the math content introduced during monthly

seminars impact your knowledge of mathematics? Give examples.
c.

What math content presented to you during seminars was most

relevant

1. Give an example ofsome math content that was relevant and
impacted your math instruction.
ii. Give another example.

d.

Give an example of a topic that impacted your understanding of math

in a significant way.

e.

How would you evaluate the way the project staff modeled instruction

for teaching and engaging students in mathematics?
i. Give an example ofan instructional strategy thatimpacted the way
you teach mathematics.
ii. Give another example.

f.

If not alreadv brought up ask: One of the strategies used in the

seminars was to have you do each math problem in multiple ways(at least in two

different ways). How did this strategy help, excite, hinder, or frustrate you?
i. What was the benefit to you of seeing different groups do the same
problem in different ways?
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g.

What do you do to address the needs of English language learners in

your classroom during math instruction?
h.

What were the benefits, if any, of the ELD content and instructional

strategies addressed in monthly seminars and summer institutes?
i. Give an example ofan ELD strategy introduced through this

project thatimpacted the way you teach mathematics.
i.

Teachers need a number of resources to help them in their work?

How well were you supported with resources or guided to locate resources that
are of value to you?
Summer Institutes

a.

What words would you use to describe the usefulness and

effectiveness of the summer institute?

b.

How useful to you were the topics or math content of the summer

institute?

i. Give an example of a topic that impacted your understanding of
math in a significant way.

c.

How adequately were the issues of ELD addressed in the summer

institute? Give examples.

d.

Describe the value of concept mapping as introduced to you in this

project and how you have used it in lesson planning and teaching, if at all?

75

Lesson Study

a. According to you, what were the primary goals of lesson study and
how satisfactorily were those goals met for you?

b. How would you describe the quality of the lesson study sessions?

c. What aspects of lesson study were of value to you as a teacher?
How have these aspects impacted your students?

d. What aspects or components of lesson study were taken back to your
classroom and implemented? How regularly are they (i.e., what you learned in

lesson study) used in the class? In what areas have you made changes in your
teaching as a direct result oflesson study?
i.

Instructional strategies/practice

ii.

Questioning?

iii.

Formative assessments?

iv.

Lesson planning?

V.

Collaboration with your grade level team?

vi.

Other

Leadership

a. Were you part of the teacher leadership team?
i.

If YES,what role did you play? How would you describe the

value and impact of the leadership meeting and follow up activities to the
success of this project?
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ii.

If NO,did your team leader inform you of issues addressed

and/or decisions made at leadership meetings?

iii.

How would you describe the value and impact of the leadership

committee and its activities to the success of this project?
b.

How important do you think it is to continue to have a leadership

committee to maintain the momentum developed with this project? Explain.
Implementation

a.

In what area(s) of teaching and learning math has this project been

most influential to you personally?
b.

With what aspects of the study weren't you satisfied? Why?

c.

What plans have you made to implement what you've learned in this

project to teaching mathematics? Give me at least one example.
d.

What support do you need in order to implement what you have

learned in this project?
e.

How can you build on what you have learned through this project?

f.
What other professional development activities have you been
involved in while participating in this project?

Source: Jesunathadas, Joseph.(2011). Unpublished raw data. Developed by
Dr. Jesunathadas, College of Education, California State University,
San Bernardino, CA.
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APPENDIX C

LEARNING MATHEMATICS FOR TEACHING QUESTIONS
FOR ADDITIONAL INTERVIEWS BY RESEARCHER
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First LMT question used for interview:

7. Which of the following story problems could be used to illustrate

1- divided by -? (Mark YES, NO,or I'M NOT SURE for each possibility.)
I'm not
Yes

No

a) You want to split 1- pies evenly between
two families. How much should each

family get?

b)You have $1.25 and may soon double
your money. How much money would
you end up with?

c) You are making some homemade taffy
and the recipe calls for 1 — cups of
butter. How many sticks of butter(each

stick = ^cup)will you need?

2
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sure

Second LMT question used for interviews;

3. Ms.Kely wasgoing to draw a pirtuie of^onthe blackboard. She asked how many
circles she should draw to start, and to her surprise her Kudencs made different
Droposais.
axr;

/tsa: I would draw four circles because the denommator tells you what the
whale IS.

cm

Jose; I WO.S thinking that fractions mean divide,and three circles is the
whale thing. I would start with three circles, then divide them up.

O

Mina; I would draw one circle. One is the whole,and you break the whole up
into four parts.

Ms. Kdly had planned to draw one circle, but now she was unsure. Which of diese
students is using a correct interpretation of fractions?
Orde ONE answer.

a} Only Asa.
b) Only Jose.

c) Only Mina.

d) ioth Asa and Mina, but not Jo».
e) Asa, Jose, and Mina.

80

After teachers had read and responded to items, they were asked to respond to
the following questions:

1.

Explain why you chose that answer as the correct one. Why is it correct?

For one of the other responses, what makes it incorrect?

2.

What aspects of the item are easy; what aspects of the item are hard?(for

you and for your students)
3.

What implications would these thoughts have for your teaching?

4.

How do you believe you would have responded to these questions four

years ago, and in what ways has your thinking changed?
5.

How has the study affected the way you think about fractions as a doer of

mathematics?

6.

How has the study influenced your teaching of fractions?

7.

Explain in what ways different components of the study(summer institute,

math explorations, and lesson study) have contributed to your understanding and
teaching of fractions.

Source: Hill, H. C., Ball, D. L,Schilling, 8. G., & Bass, H.(2008).
Mathematical knowledge for teaching measures. Anne Arbor, Ml.
Learning Mathematics for Teaching Project.
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